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ABSTRACT: Long-chain branching has a significant effect on various polymer properties. One of the
determining molecular parameters is the bivariate distribution of molecular weight and branching density.
This work presents analytical distribution functions for three types of branched polymers: random, comb,
and star. The primary chains are assumed to have a Schulz—Zimm distribution. It is shown that the
distribution shape strongly depends on the type of branching with polydispersity in the order of star <

7519

comb < random.

Introduction

The effect of long-chain branching on certain polymer
properties is known to be quite dramatic, even at a very
low level of branching.! For example, polyethylene with
a small number of branching points (fewer than one
branching point per polymer molecule) shows an excel-
lent improvement in shear thinning compared to its
linear counterpart.22 Branched polymers therefore offer
many special functions in a wide range of applications.*—°

Branched polymers can be synthesized by various
mechanisms. In general, a branched polymer can be
viewed as an assembly of linear chains if its branching
points were severed. Depending on how these primary
chains are connected, the branched polymer assumes
various molecular structures. A random-branched poly-
mer has a structure of branches-on-branches. Such a
polymer is formed if one end of each primary chain is
allowed to be connected to a backbone of another chain
with every monomeric unit on the backbone having an
equal probability of being selected. In this case, each
individual primary chain contains both reactive back-
bone units and one coreactive chain end. A comb
polymer has a backbone attached with side chains. This
type of branching structure is formed if the individual
primary chain bears either reactive backbone units or
a coreactive chain end, but not both. Thus further
branching on the side chains is disallowed. A star
polymer is a cluster of primary chains with one end of
each chain bound to a common core. In this case, the
individual primary chain bears only a reactive chain end
but not reactive backbone units. The formation of star-,
comb-, and random-branched polymers from primary
chains is schematically presented in Figure 1.

An important parameter in determining the perfor-
mance of a branched polymer is the bivariate distribu-
tion of molecular weight and branching density. This
distribution depends on the type of branching structure.
Differences between the distribution shape of star-,
comb-, and random-branched polymers can be expected,
even if the polymers have same average molecular
weight and average branching density. Therefore, a
precise description of the distribution function for
different types of branched polymers is desirable and
challenging.

10.1021/ma9800055 CCC: $15.00

Random-Branched Polymer |

Primary Polymer Chains /

\> g [Comb-Branched Polymer

T

Star-Branched Polymer

oo

Figure 1. Schematic representation of random-, comb-, and
star-branched polymers formed by connecting linear primary
chains.

A

Modeling of the molecular weight distribution of
nonlinear polymers has been studied for over half a
century since the pioneering work of Flory and Stock-
mayer.1011  However, most of the work focused on
determining the average molecular weight and gelation
behavior of various polymerization systems. There were
only a few full distribution functions reported in the
literature. For example, Flory presented a model for
uniform primary chains cross-linked by divinyl comono-
mer.19 Stockmayer extended the model for an arbitrary
primary chain distribution.!! Beasley gave an expres-
sion for branched polymers formed by chain transfer to
polymer in free radical polymerization carried out in a
continuous stirred-tank reactor.’?2 Bamford and Tompa
dealt with the same polymerization system in a batch
reactor at low monomer conversion.!® Saito developed
a rather general integrodifferential equation to describe
the random coupling of primary chains.** Kimura and
Amemiya obtained analytical solutions for the special
cases of uniform and randomly distributed primary
chains, respectively.'516 Early works in this field were
summarized by Peebles.l” Recently, Tobita used a
random sampling technique and obtained an equation
for homogeneously branched polymers with random
primary chains.’® Soares and Hamielec reported a
distribution function for metallocene polymerization
with terminal branching.’® These models dealt exclu-
sively with random-branched polymers having either
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trifunctional (T type) or tetrafunctional (H type) branch-
ing points. Since the H-type branching leads to gel
formation at a certain branching density, it is therefore
excluded from further discussion in this paper.

It is difficult to control the branching structure of
random-branched polymers. Synthesis of branched
polymers with well-defined structures has recently
received much attention due to the great potential in
designing specialty commercial products. Many experi-
mental investigations on comb- and star-branched
polymers have appeared in the literature.2°-22 How-
ever, there is a lack of modeling effort particularly in
developing analytical functions of the bivariate distribu-
tion of molecular weight and branching density for these
polymers. For comb polymers, Stejskal et al. calculated
the chemical composition distribution of polymers formed
in a free-radical copolymerization with macromonomer,
but they did not give the solution in closed form.2324
Zhu et al. derived a distribution function for a binary
metallocene system with one catalyst generating poly-
mer chains by f-hydride elimination and the other in
situ propagating via terminal double bonds.?> It was
found that the comb polymer thus produced has a much
narrower molecular weight distribution than a random-
branched polymer with a same branching density
synthesized by a single catalyst system. In subsequent
publications, Zhu et al. presented two general analytical
expressions: one for copolymerization of vinyl monomer
with either uniform or randomly distributed macro-
monomer?® and the other for graft copolymer with
backbone and side chains having uniform and/or Schulz—
Zimm distribution.?’

For star polymers, Yuan et al. presented a function
for the molecular weight distribution in free-radical
polymerization that involves a polyfunctional chain
transfer agent.?® Tobita dealt with the same system in
a more general manner.?® The arms of the star polymer
assume a random distribution. Yan investigated the
influence of chain transfer on the molecular weight
distribution in an anionic polymerization with multi-
functional initiators using a graphical method.3® Zhu
et al. presented a general distribution function for a star
polymer formed by connecting Schulz—Zimm primary
chains onto a polyfunctional core.3!

There are also some numerical investigations on the
molecular weight distribution of branched polymers.
However, the present paper focuses on analytical dis-
tribution functions which are often considered to be
more favorable than numerical models. The objectives
of this work are two-fold: The first is to integrate the
distribution functions for various types of branched
polymers in the literature. The approach is to develop
expressions for the star-, comb-, and random-branched
polymers assembled from Schulz—Zimm primary chains.
Since both random and uniform distributions are just
two special forms of the Schulz—Zimm distribution, the
previous distribution functions are thus unified. The
second objective is to compare distribution functions of
the three types of branched polymers. It is of funda-
mental interest to know how different the molecular
weight distributions for various branched polymers
could be under the conditions of the same average
molecular weight and branching density.

It should be pointed out that the most general case
is no doubt a branched polymer system formed by
primary chains having an arbitrary chain distribution.
In principle, any arbitrary distribution can be decon-
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voluted into a series of random distributions. So far,
we have not seen any solution in closed form under this
condition.

General Considerations

As illustrated in Figure 1, the primary chains (P, with
the subscript r denoting the number of monomeric units)
are assembled in certain manners into various types of
branched polymers (Y, with r the number of monomeric
units and i the number of primary chains),

P.— Y., (1)

where Y can be random (R), comb (C), and star (S).
Obviously, the following initial conditions should be met
Y. =P, and Y ., =0 (2)

at t = 0. We define the moments as follows
PY = [“rP dr and Y¥= Zf:o"kYr,i dr (3)
&

The number-average molecular weights (note that the
terms of molecular weight and chain length are used
interchangeably in this paper) for the primary and
branched polymers are thus

Py =PYP? and v =y®y® (4)
similarly, the weight-average molecular weights are
Py =P@P® and YV, =YYW (5)
and polydispersity indexes are
PDI, =P, /Py and PDI, = Y,/Y (6)

The total number of monomeric units in the system
should remain constant during the reaction processes,
i.e.,

Y(l) — P(l) (7)

The number-fractional distributions of the primary
and branched polymers are

ne(r) = P/PO, ny(ri) =Y, /¥ and

[

ny(r) = Zny(r,i) (8)

The average branching density is defined as

A= i S = 1)y, drP® 9)

i.e., the number of branching points per monomeric unit
(note that 1 = 0 at t = 0 in this work). A branching
point is formed when one polymer chain is connected,
and therefore, the species Y, contains i — 1 branching
points.

For simplicity, we introduce the following dimension-
less variables: the reduced molecular weight of primary
chains,

y =r/Py (20)
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and the average number of branching points per pri-
mary chain,

Ap = APy (11)

Correspondingly, we have the reduced molecular
weight distributions

Np(y) = nP(r)ISN and ny(y,i) = nY(rii)ISN (12)

The primary chains in this work conforms to a
Schulz—Zimm distribution,

o+1

g o—1_—o
Ne(y) = =" e (13)

with the polydispersity
PDIl, = (0 + 1)lo

It is obvious that PDIp becomes a random distribution
when o= 1. Italso approximates a uniform distribution

Ne(y) =o(y — 1) (14)

when g — o, where 6(y —1) =1,y =16y —1)=0, vy
= 1. The distribution functions presented in the previ-
ous work are therefore special cases of the present
study.

Random-Branched Polymer
The basic scheme to form a random-branched polymer
is

k
+Rg;— Rr+s,i+j (15)

ri S,j

R

where k denotes the rate constant. The rate equation
can be written accordingly:

dR, ; i-1
Fr" = —kR, R — krR, RO + kZ [R,yi SRy ds
g (16)
The increase in branching density follows
%= kR® (17)

Regardless of the detailed distribution of primary
chains, the following relationships always hold:

R(O) — p(o) _ ;“:)(1), R(l) — p(l), and
R® =PP1 - 1P ? (18)

and thus
_ Py - Pw PDI,
Ry = , Ry=———, and PDIg=+——
N1 W 1 - Ap) Ro1-1p
(19)

Eliminating t in equations 16 and 17 and expressing
the species concentration in terms of the number
fraction as defined in equation 8 yields
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() =

i—1
7y L7 ey =ci—Dng(s.i)s d)e’” dip (20)
P

Obviously, the fraction of residue primary chains
follows

Ne(.1) = e *ny(y) (21)

Solving equation 20 with the initial Schulz—Zimm

distribution of equation 13 yields
O_OH'l(lP)i—l )
N — (o+1)i—2,—(o+1p)y
ng(y,i) = ———— e 22
r(VD) ol — (22)

The total distribution is, therefore,

o (O,UA V(H’l)i*l
nR(y) 200+ly(1—1e—((i+lp)y P— (23)
&1 (0i)\(i — 1)!

For the special case when the initial primary chains
conform a random distribution, i.e., 0 = 1, equation 23,
can be simplified as!819.25

| 1(2)/\/&—P)e*(l+lp)y

vv/Ae

Ne(y) = (24)

where

© 9 7\2i-1
&= (i — 1)!i!(5)

is the Bessel function of the first kind of imaginary
argument of the first order.

In addition, the weight fraction of branched polymers
having i primary chains (equivalent to i — 1 branching
points) can be obtained as

wgli) = [ yng(yii) dy =
[(o+1)i — 1] & |7**
(oi)i(i — 1)! \o + Zp

i—1

fe (25)

o+ p

Substituting an initial uniform distribution of primary
chains into equation 20 yields

7 i—1,—Apy
nri) = L s @)

Comb Polymer

To be general, we start with a comb copolymer with
different backbone and side chains,

rk
Br + Ps —)Cr,s,z

rk
Croi TP Crsitinn (27)

r,s,i
where By, Ps, and C; s denote backbone, side, and comb
polymers, respectively. The subscriptsr,s,andiinC;s;
indicate the comb polymer consisting of r monomeric
units on the backbone and a total of s units on i side
chains. Using a probability theory, we obtained the
following expression,
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i—1_—pr
Cr,s,i = Br(p(ri-)_—f)!gi—l(s) (28)

where p is the branching density of backbone chain, i.e.,
the number of branching point per monomeric unit of
backbone chain. &x(s) is a function giving the combina-
tion of x side chains

Els) = ,/:np(s - U)j;)unp(u —V) ...
ﬂ)ynp(y —2)np(z) dz ... dv du (29)

with x — 1 integrals. Equation 29 has the following
properties

JYE()ds =1, [7s&(s)ds=xPy, and
[ 7SPE(s) ds = xPy[(x — )Py + Py,] (30)
Equation 30 is valid with an arbitrary distribution of

np(s). Substituting equations 13 and 14 into equation
29 yields

OX ox—le—oy

Y ® ° for Schulz—Zimm
EM =y (ox—1)"° (31)
oy —Xx) for uniform

For the purposes of comparison with star- and random-
branched polymers, the number of branching points per
backbone chain

Ag = PBN (32)

should be converted to the number of branching points
per primary chain (including both backbone and side
chains).

. BO% g
PT RO 4+ p@ 1+,

(33)

Obviously, the number of side and backbone chains can
be correlated through the number of branching points
per backbone based on a stoichiometric balance:

PO =B, (34)

In this work, only those polymer chains having a
backbone with the number of side chains from zero to
infinity are taken into account in formulating molecular
weight distributions. In other words, unreacted side
chains are excluded from the distribution. Similar to
equation 3, the moments of backbone and comb chains
are defined as

BY = [“rB,dr and

ck = iﬁ)“j:"(r +5)“C,; ds dr (35)
=

(note that i = 1 indicates a unreacted backbone; see
equation 27).

On the basis of equations 28—30, the following
relationships can be obtained without being given any
detailed information about backbone and side chain
distributions
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c®=g0 cW= B(O)BN(l + p|5N), and
C® =BUB[(L + pPy)*By, + pPyPy] (36)
The average molecular weights and polydispersity of the

comb copolymer are thus related to those of backbone
and side chains,

A O+ g - g
N — 0 N w 0 BPw 0+ABI W an
PDI. = PDI, + 1o PDI, (37)
¢ B0+

where 6 is the ratio of the number-average molecular
weights of backbone and side chains,

(38)

S
I

'U||

z |z

Combining equations 28 and 31 yields

_ O_U(i—l)ga(i—l)—l(/lsy)i—l
etre ) = o i - 1) —

ng(y)e ™ (39)

where the molecular weights and fraction are expressed
in a reduced form,

ByPNC: <
_L :i N N" N™r,s,i
Y=By TRy and  nc(y.6 i) I (40)

Equation 39 was derived for graft copolymers where
backbone and side chains have different chemical
properties and thus separate molecular weights are
often desirable.?” For comb-branched homopolymers,
the distribution can be expressed in terms of the total
molecular weight,

Cr,i = ﬁ)rcr—s,s,i dS (41)

If backbone chains also conform to Schulz—Zimm dis-
tribution with « as the parameter, then

L (k +i— 2)(00) 1 V(Ag)
e ) = Do+ D = 1)+« = 171 = 1)1 ¥
plIDEDT LR o po(i — 1),(0 + 1)(i — 1) +
k,(k + g — a0)y] (42)

where the reduced molecular weight and fraction are

_ . :BNCr,i
=N 5O

(43)

and @ is a degenerate hypergeometric function,?

B mz  mm+1)z
MmN =1+ T s+ D 2
m(m + 1)(m + 2) 7°

nin+ 1)(n+2) 3!

+ .. (44)

The weight fraction of comb polymers having i primary
chains can be obtained
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wc(i) = ‘/(]) yne(y.i) dy =

(cri=20 [ V[ 2 \fi-1 wkti-1
(c — I — 1)!\k + 2Ag) \k + g 0 K+ g

(45)

If the distribution of backbone chains is same as that
of side chains, i.e., 6 = 1 and « = o, then

(0+i—2)10"(g) "

Ne(y.i) = (6 — D[(o + 1)i —2'(i — 1)! -
YOTDIT20= O R (i — 1),(0 + 1)i —

1,Agy] (46)

When the initial primary chains conform a random
distribution, i.e., 0 = 1, equation 42 can be simplified
to the special case in ref 26.

Star Polymer

A star-branched polymer is formed by connecting
primary chains onto an f-functional core,

A+ P,S

-k

Siit Ps SH—s,H—l (47)

r,i
k
Sr,ffl + Ps — Sr+$,f

At the conversion of functional moieties ¢, the concen-
tration of the star polymers having r monomeric units
on i branches is given by3!

S, = Af( )e (1— &g (48)

(oo

is the probability of randomly selecting an f-functional
core Af having i functional moieties reacted, and &j(r) is
defined by equation 29.

Similar to the comb- and random-branched polymers,
the average molecular weights and polydispersity are
independent of the detailed distribution of primary
chains,

where

Sy=—— and S, =P, +¢ef— 1P, (49)

[PDI, + e(f — D)][1 — (1 — )
ef

PDI, = (50)

Note that these averages and the following distributions
are formulated on the basis of star polymers, i.e., the
polymers having a core with the number of branches
from 1 tof. The unreacted primary chains are excluded
from the distribution formulation. To make compari-
sons with comb- and random-branched polymers, the
parameter of branching density needs to be defined for
the star polymer. The numbers of star polymers and
total branches are [1 — (1 — €)7JAs and fAy, respectively.
Branching occurs when an additional primary chain is
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attached to a core molecule after the connection of a first
chain, and thus a star polymer having i branches (often
called arms) is considered to have i — 1 branching
points. The number of branching points per primary
chain can then related to the conversion ¢ and func-
tionality f as follows:

1-(@1—ef

fp=1- ef

(51)

Substituting equation 31 into equation 48 yields a
bivariate distribution of molecular weight and branch-
ing density for star polymerss?

L f'6(1_6)f i a|+1 oi— 1e
Ns( 1) = [1-(1—&ff— |)!(0|)!(i — 1)1 (52)

The molecular weight distribution of the total star
population is then

f!eioy o0 El(l _ E)f—iO_OH'lVOi—l
ns(y) = - (53)
1-@1—eof & (F—i)oi)(i — 1)

and the weight fraction of star polymers having i
branches is

ie(l— e

ws(i) = [y yns(.i) dy = ()1_(1_6)f

(54)

It becomes clear that equation 52 can be simplified when
e=1,
o 1a
ns(y.f) = _«h (55)

which is still a Schulz—Zimm distribution with a nar-
rower polydispersity.

Comparisons Between Star-, Comb-, and
Random-Branched Polymers

The bivariate distribution of molecular weight and
branching density is one of the most informative struc-
tural properties for a branched polymer. Simple ana-
lytical distribution functions are always desirable. For
random-, comb-, and star-branched polymers formed
from a population of Schulz—Zimm distributed primary
chains as illustrated in Figure 1, equations 22, 46, and
52 give their respective bivariate distributions and they
are summarized as follows:

O_ai+l(lp)i71
(0i)!(i — 1)!
(0+i—2)10"Ag) "

o— Do+ Di—2iii — 11 °
YU e (i — 1),(0 + 1)i — 1,4gY]

nR('y,I) — (o+1)i—2,—(o+Ap)y

Ne(y,i) = (

f!éi(l E)f i (7|+l oi— le ay
[1—(1— e — |)!(c;|)!(i — 1)!

where y is the reduced molecular weight (chain length)
defined by equation 10 and i is the number of primary
chains constructing the branched polymers (the number

ns(y,i) =
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Figure 2. Molecular weight distribution of random-branched
polymers having i primary chains (i = 1, 2, 3, 4, and 5)
calculated using equation 22 and the total distribution ac-
cumulated from i = 1 to « with Ap = 0.5. The primary chains
assume (A) a random distribution, ¢ =1, and (B) a narrow
Schulz—Zimm distribution, ¢ =10.

of branching points is i — 1). The bivariate distribution
of a branched polymer is determined by the primary
chain distribution and the average branching density.
A Schulz—Zimm distribution has two parameters: one
is the number-average molecular weight (Pn), which is
hidden in the above distribution functions due to the
use of a reduced form (equation 10), and the other is o,
indicating the distribution polydispersity. On the other
side, the average branching density is expressed as the
number of branching points per primary chain, Ap, in
the random-branched polymer formulation. The num-
ber of branching points per backbone in the comb
polymer, ig, and the conversion of functional moieties
in the star polymer, ¢, can be converted to Ap according
to equations 33 and 51, respectively:

Ag 1-1—¢f
T+ and Jp=1-=——"1—"

An additional parameter which appears in the star
polymer formulation is the functionality of core mol-
ecules, f.

Figure 2 shows the molecular weight distributions of
random branched polymers consisting of i (=1, 2, 3, 4,
and 5) primary chains calculated using equation 22 and
the total distribution resulting from summation of i from
1 to o (in practice, ng(y,i) becomes negligible for i > 100)
with o0 = 1, 10 and Ap = 0.5. Note that the x-axis is a
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Figure 3. Total molecular weight distribution of random
branched polymers: (solid) Ap = 0.5, 0 = 1; (dash) 2 = 0.5, ¢
= 10; (dot) 4p = 0.8, 0 = 1; and (dash—dot) 1p = 0.8, 0 = 10.
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Figure 4. Molecular weight distribution of comb polymers
having i primary chains (i = 1, 2, 3, 4, and 5) calculated using
equation 46 and the total distribution accumulated fromi =1
to o with Ap = 0.5 (equivalent to Ag = 1). The primary chains
assume (A) a random distribution, ¢ =1, and (B) a narrow
Schulz—Zimm distribution, ¢ =10.

logarithmic scale and therefore the y-axis should be ng-
[log(y).i] = ne(y.i)dy/d(log(y)) = In(10)yn(y.i). Figure
3 shows the effect of 1p and o on the total distribution
of random-branched polymers. Figures 4 and 5 show
the corresponding distributions of comb polymers using
equation 46 with the same primary chain distributions
and average branching density as in Figures 2 and 3,
respectively. The values of Ap = 0.5 and 0.8 are
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Figure 5. Total molecular weight distribution of comb
polymers: (solid) p = 0.5, 0 = 1; (dash) 1p = 0.5, ¢ = 10; (dot)
Ap = 0.8, 0 = 1; and (dash—dot) Ap = 0.8, 0 = 10 (4p = 0.5 and
0.8 equivalent to Ag = 1 and 4).
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Figure 6. Molecular weight distribution of star polymers
having i primary chains (i = 1, 2, 3, 4, and 5) calculated using
equation 52 and the total distribution with f = 10 and 1p =
0.5 (equivalent to ¢ = 0.168). The primary chains assume (A)
a random distribution, o = 1, and (B) a narrow Schulz—Zimm
distribution, o = 10.

equivalent to A = 1 and 4. Figures 6 and 7 show the
distributions of star polymers using equation 52 with
the same conditions as in Figures 2 and 3. The values
of Ap = 0.5 and 0.8 are equivalent to ¢ = 0.168 and 0.5
with f = 10. In general, a narrower primary chain
distribution leads to a narrower multimodal distribution
for branched polymers (compare ¢ = 10 to ¢ = 1 at the
same Ap = 0.50r 0.8 in Figures 3, 5, and 7). An increase
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Figure 7. Total molecular weight distribution of star poly-
mers: (solid) 2p = 0.5, 0 = 1, (dash) 4p = 0.5, 0 = 10; (dot) Ap
=0.8, 0 =1; and (dash—dot) ,p = 0.8, 0 = 10 (1p = 0.5and 0.8
with f = 10 equivalent to ¢ = 0.168 and 0.5).
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Figure 8. Comparison of total molecular weight distributions
of branched polymers: (solid) random, (dash) comb, and (dot)
star. The parameters are (A) 4p = 0.5, 0 = 1, and (B) 4p = 0.8,
o = 10.

in branching density results in a shift of distribution
toward higher molecular weight (compare 1p = 0.8 to
Ap = 0.5 at the same o = 1 or 10 in Figure 3, 5, and 7).

Figure 8 gives the comparison between the total
molecular weight distributions of the three types of
branched polymers formed from the same primary chain
distribution (0 = 1 or 10) and branching density (1p =
0.5 or 0.8). The random-branched polymer appears to
have the broadest distribution, while the star polymer
has the narrowest. The former has a long skewed tail



Figure 9. Weight fraction of branched polymers having i
primary chains calculated using equations 25, 45, and 54 for
(solid) random, (dash) comb, and (dot) star, respectively. The
parameters are 1p = 0.8, 0 = 1, with the additional parameters
of & = 1 and « = o for equation 45 and f = 10 for equation 54.

3 T T T

PD1,/PDIp

Figure 10. Development of distribution polydispersity of
branched polymers calculated using equations 19, 37, and 50
for (solid) random, (dash) comb, and (dot) star, respectively.
The parameters are 8 = 1 and PDIg = PDIp for equation 37,
and f = 10 and PDIp = 1 (dot) and 2 (dash—dot) for equation
50.

at the high molecular weight end while the latter shows
a rather sharp truncation (keep in mind the log scale
of molecular weight in the distribution plots). Figure 9
shows the weight fractions as a function of the number
of primary chains, i, under the conditions of 1p = 0.8
and o = 10 using equations 25, 45, and 54 (additional
conditions are 6 = 1 and « = ¢ for equation 45 and f =
10 for equation 54) for random-, comb-, and star-
branched polymers, respectively. The average number
of primary chains in the branched polymers is five. It
is evident that the maximum fractions of star and comb
polymers appear in the vicinity of i = 5. However, in
random branching, most polymers are still linear (i =
1) with a small fraction of high branching.

Figure 10 shows the polydispersity as a function of
the branching density for different types of branched
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polymers. The polydispersity of a random-branched
polymer always increases with the branching density,
as shown in equation 19. For a comb polymer, the
dependence of the polydispersity on branching density
is more complex and exhibits a maximum. An exami-
nation of equation 37 under the conditions of 6 = 1 and
PDIlg = PDlIp reveals that the maximum value is PDI¢/
PDIp = 1.25 at Ap = 0.5, i.e., a maximum 25% increase
over the primary chain polydispersity. For a star
polymer, the polydispersity is controlled not only by the
branching density but also by the functionality of the
core molecule. The two curves presented in Figure 10
are calculated using equation 50 with f = 10 and PDIp
=1 and 2. The tendency of the distribution to narrow
is more dramatic with broader primary chains. From
our calculations using a comprehensive range of pa-
rameters, it can be concluded that the polydispersities
of the three types of branched polymers are in the order
of star < comb < random. It should be emphasized that
this conclusion is valid for an arbitrary distribution of
primary chains since equations 19, 37, and 50 were
developed independent of the distribution information.
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